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Geometry is the grammar of architecture, and the world around us is the world of geometry.
Le Corbusier

Introduction

The significant role of geometry in architecture is well known. Classical architectural forms and
compositions are largely based on Euclidean geometry, which deals with ideal spatial figures (polyhedra,
cylinders, cones, spheres, etc.). Over time, the development of geometry was enriched by new achievements,
among which Lobachevski's geometry and Mandelbrot's fractal geometry stood out for their practical
applications. These new geometries naturally influenced architectural design, leading to the creation of new,
unconventional forms and compositions.

This paper presents geometric essays outlining elements of well-known geometric theories
(Lobachevski's non-Euclidean geometry and Mandelbrot's fractal geometry). We consider different aspects
of the application of non-Euclidean geometries in architecture. These aspects are illustrated by examples of
Armenian (medieval and contemporary) architectural compositions. The paper compiles the series of the
previous works [1-3].

The first part of the paper is devoted to Lobachevski's geometry and is predominantly theoretical in
nature, including a small number of examples from Armenian and global architecture. During the
presentation, solutions are provided for some of Lobachevski's geometric problems that have practical
applications.

The second part of the paper is devoted to the practical applications of fractal geometry in architecture.
We present the primary method for calculating the fractal dimension of an object—the box-counting
dimension method. A fractal analysis is conducted on several famous medieval Armenian structures and
contemporary buildings in Yerevan. Objective (quantitative) evaluations of their aesthetic appeal are
obtained, demonstrating a high level of aesthetic appeal, which is consistent with known subjective
evaluations.
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Materials and Methods

In the first part of the work, we consider elements of Lobachevski’s non-Euclidean geometry and two of
its interpretations (models), the Poincaré model in a half-plane and the Poincaré model in a disc.

The second part is dedicated to fractal geometry. When conducting fractal analysis, various computing
tools are used. In this work, the analysis is carried out on the basis of the FrakOut! package, which is very
convenient for calculating the fractal parameters of buildings. When evaluating the architectural
compatibility of the plan and facade of the temples under consideration, the STATISTICA software package
was used to find statistical estimates based on the available data.

Results and Discussion
Euclidean interpretations of non-Euclidean geometry. Poincaré model

Contemporary architecture, especially buildings that utilize unconventional design approaches, has
always been attractive. Such structures often employ spatial forms inherent to non-Euclidean geometry.
From this perspective, certain knowledge of this area of mathematics will be very useful to architects.

In this section, we will provide some elements of non-Euclidean geometry, including the history of its
development and solutions to common problems. As for the use of non-Euclidean geometry in Armenian
architecture, there are few of them, but they exist.

Fifth postulate (parallel axiom) of the Euclidean geometry

Among the axioms of Euclid, the fifth postulate stands alone. While all other postulates are intuitively
obvious, and their formulations are simple, concise, and understandable, the fifth postulate does not have
these advantages. Its phrasing is cumbersome, and it takes an effort to understand its meaning: "If a line
segment intersects two straight lines, forming two interior angles on the same side that are less than two right
angles, then the two lines, if extended indefinitely, meet on that side on which the angles sum to less than
two right angles".

But the difference between the fifth postulate and the others is not limited to this. The fact is that the
requirement contained in it refers to the property of a straight line along its entire length. The fifth postulate
states that two straight lines are parallel if they do not have a common point, no matter how far they
continue. It follows from this that, unlike the other four postulates of Euclid, the fifth postulate cannot be
verified in practice.

Naturally, many geometers of those times had a desire to prove the fifth postulate based on the other four.
Among them, we note such well-known thinkers as Ptolemy (author of the geocentric system of the world)
and Proclus (who wrote the treatise “Comments on Book I of Euclid’s Elements”). For example, Proclus
found a much simpler equivalent formulation of the fifth postulate (Proclus's axiom): only one straight line
parallel to the given one passes through a point outside a straight line.

Apparently, Euclid himself understood that the fifth postulate is special because the proofs of the first 28
theorems of his first book are based only on the first four axioms. The set of those geometric results that
follow from the first four axioms of Euclid is called absolute geometry.

In modern times, many attempts to prove the fifth postulate were carried out by the method of
contradiction. It is curious to note that in 1763, G.S. Kluge collected and studied about 30 “proofs” of the
validity of the fifth postulate and revealed the errors contained in them. From that, he concluded that the fifth
postulate is correct and is an independent axiom. Of course, Kluge's conclusion that the fifth postulate is an
independent axiom cannot be considered incontestable since, as we know, indirect arguments in favor of any
statement cannot be considered as proof of its correctness.

Non-Euclidean geometry of Lobachevski

The problem of the fifth postulate of Euclid, which occupied geometers for more than two millennia, was
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solved practically simultaneously and independently by German mathematician and physicist C.F. Gauss,

Hungarian mathematician J. Bolyai, and Russian scientist N.I. Lobachevski. Their solution boils down to the

fact that the fifth postulate cannot be proved based on other postulates of Euclidean geometry. The new

geometry was named Lobachevski’s geometry because he was the first who did not hesitate to publicly
announce results that were at odds with those that had been accepted for over two thousand years.

Non-Euclidean geometry is a set of statements and theorems that can be obtained based on the system of
Euclid’s axioms if, instead of the parallel axiom, we accept the opposite statement: on a plane through a
point that does not belong to a given straight line, more than one straight line can be drawn that does not
intersect with this straight line.

Here are some of the differences between non-Euclidean geometry and Euclidean geometry. In
Lobachevski’s geometry:

1. There are no similar but unequal triangles. It follows that triangles are equal if their angles are equal. If
so, then there is an absolute unit of length, i.e., a segment marked by its properties is similar to a right
angle specified by its properties. Such a segment can be, for example, the side of a regular triangle with a
given sum of angles.

2. The sum of the angles of any triangle is less than w and can be arbitrarily close to zero.

3. Through a point 4, not lying on a given straight line a, there are infinitely many straight lines that do not
intersect the straight line @ and are in the same plane. There are two extreme ones among them, which are
called parallel to the straight line a in the sense of Lobachevski.

4. If the lines have a common perpendicular, then they diverge infinitely on either side of it.

5. The circumference is not proportional to the radius but grows faster.

It should be noted that the smaller the area in space (on the Lobachevski plane), the less the geometric
relations in this area differ from those of Euclidean geometry. For example, the smaller the triangle, the less
the sum of its angles differs from 7; and the smaller the circle, the less the ratio of its length to the radius
differs from 27n. A decrease in the area is formally equivalent to an increase in a unit of length. Therefore,
with a formal increase in the unit of length, the Lobachevski geometry formulas are transformed into the
Euclidean geometry formulas.

The denial of the fifth postulate did not lead to a contradiction with the other four axioms and made it
possible to create meaningful and logically harmonious geometry. However, the absence of contradictions
does not mean that they cannot appear in the future. Naturally, the problem of consistency of the new, non-
Euclidean geometry of Lobachevski arises. To prove the consistency of Lobachevski’s geometry, it is
necessary to show that it is as consistent as Euclid’s
geometry, which consistency has not been in doubt for
centuries. Such proof was given later when interpretations
(models) of non-Euclidean geometry were indicated.

E. Beltrami was the first one who constructed an

example of a model called a "pseudo-sphere" (Fig.1) in
which the first four postulates hold but not the fifth one.
From this, it can be seen that non-Euclidean geometry is just
as consistent as Euclidean geometry.

Further, A. Poincaré suggested two models (in a half-plane and in a disc) in which the whole of

Fig. 1. Pseudo-sphere of Beltrami

Lobachevski’s geometry is presented. Below, we describe Poincaré models (we refer to [4-7] for details) and
bring some examples of solutions to related problems.

Poincaré model in a half-plane

It turns out that the geometry of Lobachevski is not as clear as the geometry of Euclid. Here, the
corresponding models come to the rescue, allowing, based on Euclid's planimetry, the creation of a
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meaningful geometric structure in which the axioms of Lobachevski’s geometry are fulfilled. Below, we
present one of them, due to H. Poincaré.

In Lobachevski’s planimetry, as in Euclidean, the basic concepts are "point", "straight line", the order
relation "lie between" for points of a straight line, and "distance between points". All other objects are
defined through the above four concepts. The construction of the model begins with the fact that the basic
concepts are determined through some notions of Euclidean planimetry, which, in turn, allows defining all
other objects in the geometry of Lobachevski. If, in this case, Lobachevski’s axioms turn out to be true
(verification is carried out using the results of Euclidean geometry), then it is said that the model has been
built (implemented). The possibility of constructing such a model testifies to the fact that Lobachevski’s
geometry is as consistent as Euclidean geometry.

The Poincaré model is constructed as follows. A horizontal line is drawn on the Euclidean plane, which
divides the plane into two half-planes. This line is called the absolute. Points in the Lobachevski planimetry
are the points in the upper half-plane that do not lie on the absolute. Any semicircle centered on the absolute
or a ray perpendicular to the absolute, the origin of which lies on the absolute, is called a straight line
(Fig. 2a).

Fig. 2. Straight lines and points in the Poincaré model

Point A4 lies between two other points, B and C, on the Lobachevski line if its projection onto the absolute
lies between the projections of points B and C (Fig. 2b). The distance d(A, B) between points 4 and B is
determined by the straight line connecting 4 with B. It can be found in the following way. For the points 4

and B, let the angles o and B be specified as shown in Fig. 3a. Then
| tga |
| tgf |

where ¢ is some positive constant.

Fig. 3. a. Angles o and f in the formula for the distance d(A4,B);
b. Construction of a semicircle containing two given points A and B

Let us show that in the constructed model, all the axioms of Lobachevski’s geometry are fulfilled. To
check the first axiom, it is sufficient to construct a semicircle containing the given two points, 4 and B,
within the framework of Euclidean geometry. This construction is carried out as follows. Let us connect
points 4 and B with a segment, understood in the sense of Euclidean geometry, and from its center, we lower
the perpendicular to the absolute. The point of intersection of this perpendicular with the absolute will be the
center of the required semicircle (Fig. 3b).
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The fulfillment of axioms 2, 3, and 4 is obvious. Let us turn to the consideration of the fifth axiom. It is
easy to see that an infinite set of straight lines that do not intersect with a pass through any point 4 that does
not lie on the Lobachevski line a (Fig. 4a). Among these lines, those that have one point in common with a
on the absolute (lines b and ¢ in Fig. 4a) stand out. Such Lobachevski lines are called parallel to a. We see
that two straight lines are passing through point 4 and parallel to a. In Fig. 4b, one can see a pencil of lines
parallel to line a, which is perpendicular to the absolute, and passing through a point 4 at infinity lying on
the absolute.

a.
Fig. 4. a. Lines b and c passing through point A and parallel to a;
b. Pencil of lines parallel to the line a
Figure 5 shows triangles of Lobachevski geometry. It can be seen from this drawing that the sum of their
angles is less than 7. Note also that the bigger the triangle, the more its sum of angles differs from 7. To see
it, compare triangles ABC and ADE, as well as triangles ABC and AGF.
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Fig. 5. Triangles of Lobachevski geometry Fig. 6. Triangles ABD and ACD

When solving problems of Lobachevski planimetry (in the Poincaré model), the conditions of the problem
are translated into the language of Euclidean geometry, after which the problem is solved by its methods. Let
us give some examples.

Problem. Show that triangles in the Lobachevski plane can have different sums of angles.
Solution. Consider the triangles ABD and ACD shown in Figure 6. Let us calculate the sums o45p and g,¢p
of their angles. We have

Ougp Y 0acp = (B+y+ £B)+ (a+ 6+ £0).

Using the facts that « + f = £A and y + § = m, further we can write
Oapp + Oacp = LA+ 4B + £C + 1 = 0ypc + 1.
Hence, one of the sums, g4pp o1 04¢p, is less than m. Suppose, o4¢cp < 7. Then from the equality
0agp + (Gacp — ™) = 0Oypc,

it follows that g,5p > 045c. Thus, we have found two triangles, ABD and ABC with different sums of its
angles.

Problem. Let 4, B, and C be points in the Lobachevski plane, not lying on one straight line, and let the
straight line a not pass through any of these points. Prove that if the straight line a passes through the point of
the segment AB, then it passes through the point of the segment AC or BC.
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Solution. In Euclidean geometry, the following statement is true: Two circles intersect if and only if one of
them passes through the inner point of the other circle. Let the line @ (in the sense of Lobachevski) intersect
the segment AB (Fig. 7). Then either point 4 will be internal for the Euclidean circle a, or that will be point
B. Suppose that this is point B. Then, if point C is an internal point for the Euclidean circle a, the line a
intersects the segment AC. Otherwise, a intersects the segment BC.

Further, we will prove the analogue of the Pythagorean theorem in Lobachevski’s geometry.

Fig. 7. Line a intersecting segment AB Fig. 8. Right triangle ABC

Theorem. For any right triangle, the following equality holds:
chc = cha - chp,

where c represents the length of the hypotenuse and a and b the lengths of the triangle’s other two sides.
Proof. Consider the right triangle ABC with the right angle C (Fig. 8). Without loss of generality, we will
assume that the vertices 4, B, and C of this right triangle correspond to complex numbers 7i, u + vi and 1,
respectively, where » > 1 and u? + v? = 1, since this can always be achieved with some non-Euclidean
motion. Then we have

lri —il> 1+7r?
cha = ch|AC| = chd(4,C) =1+ =

2r 2r '’
lu+vi—il? 1+u?+v? 1
chb = ch|BC| = chd(B,C) =1+ = =-
2v 2v v
lri—u—vil? uwW+v?+r? 1471
chc = ch|AB| = chd(4,B) =1+ = = :
2rv 2rv 2rv

Hence,
1+7r% 1 1+ r?
2r v 2rv

cha - chb = = chec.

Lobachevski noticed that the non-Euclidean geometry he created in an infinitesimal, that is, in the first
approximation, coincides with the geometry of the Euclidean plane. Let us illustrate this with the example of
the Pythagorean theorem. Using the series expansion of the hyperbolic cosine

2 4 6
chz=1+Z+Z+=+ -,
2! 4! 6!

we obtain for the Pythagorean theorem the following relation:
cz c* a’> a* b? b*
1+—+—+m=0+—+—+m>0+—+—+m)

Keeping the lower order terms, we arrive at the Pythagorean theorem of Euclidean geometry:
c? =a’+ b2
Poincaré disc model

In addition to the above model, Poincaré proposed the model of the Lobachevski plane in a disc. This
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model is described as follows. The plane itself is represented as the inner part of the circle of radius 1 with
the center at the origin of the complex plane, that is,

B={z€eC:|z| <1}

The points of the circumference bounding the disc do not belong to the plane, and the circumference itself
is called the absolute.
This model can be obtained from Poincaré’s model in a half-plane through the following transformation:

zZ—1
w = -,
Z+1

x+i(y—1) x?+ (y—1)?
|W|=|,—= ﬁﬁl.
x+i(y+1) x>+ (y+1)

The inverse transition is obviously carried out by means of the mapping:

Indeed,

14z
=iT—

w

The lines in this model are the arcs of the circles perpendicular to the absolute. Recall that two curves are
called perpendicular if their tangents at the point of intersection of the curves are mutually perpendicular.
The lines forming a diameter of the absolute are called special.

It is quite obvious (Fig. 9a) that in the defined model, if a straight line a and a point 4 not belonging to it
are given, then through the point 4 it is possible to draw an arbitrarily large number of straight lines that do
not intersect the straight line @. From Fig. 9a it can be seen that among such lines, two stand out — line b and
line ¢. They are characterized by the fact that they have a common point with line a on the absolute. It is
these two straight lines in the Poincaré model that are called parallel to the straight line a. All others passing
through point 4 and having no common points with it are inside the angle formed by straight lines » and c.
Such straight lines are called diverging.

It follows from what has been said that in Lobachevski’s geometry, parallel lines do not possess the
property of transitivity, i.e., from the fact that, for example, line b is parallel to line a, and line a is parallel to
line ¢, it does not follow that line b is parallel to line ¢ (Fig. 9a). However, this fact takes place in Euclidean

geometry.
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Fig. 9. Poincaré disc model: a. lines drawn through point A and parallel to a; b. triangle; c. distance

The choice of one or the other model depends on the task. In particular, the fact that the sum of the angles

of a triangle in Lobachevski’s geometry is less than « is much easier to see on a disc model (Fig. 9b).
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Let us show how the distance between points is determined in this Poincaré model of Lobachevski’s
plane. Let points 4 and B be given, and let the straight line (in the sense of Lobachevski) connecting these
points intersect the absolute at points C and D (Fig. 9¢). Then the distance d(4, B) between points 4 and B is
determined as follows:

CB/CA
BD/ADI’
where CB, CA, BD, and BA are the lengths of the corresponding arcs in the sense of Euclid.

d(A,B) = |ln

Problem. Let points 4 and B lie on the same singular line in the Poincaré disc model, and let their Euclidean
distances to the center of the disc be known. Calculate the distance from 4 to B in the sense of Lobachevski’s
geometry.
Solution. Without loss of generality, let us assume that points 4 and B belong to the diameter lying on the OY
axes of the complex plane.

Let the Euclidean distances to the center from points 4 and B be equal to a and B, respectively, 0 < a <
B < 1. Then to point 4, it corresponds to the complex number i@, and to point B, it corresponds to the

number if. Thus, we can write

1+ |1 a-B
ﬂ

d(A, B) = d(ia, if) = 2arth |- la(lﬁ)‘ 2rth|1_aﬁ |
1—aB
(1+ﬁ)(1—a) 1—a 1+p8 B—a 1+p8
"Topa+a it MreT ln(1+1—ﬁ)+ln1+a

Elements of Lobachevski geometry in architecture

Lobachevski's geometry is applied indirectly to architecture through models, such as the pseudo-sphere
model or the Poincaré model in a disc. Using these models, architects can design complex non-Euclidean
forms, which in modern buildings are represented as concave or saddle-shaped.

Lobachevski’s geometry inspired many architectures of a new time as well. Its advances allowed the
development of new, original design methods for the new architecture. Among the architects of modern
times, we will name Ernst Neufert, Zaha Hadid, Frank Gehry, and the great architect Antoni Gaudi.
Examples of buildings constructed with the usage of non-Euclidean geometry include Casa Batllo, built in
1900 by famous architect Antonio Gaudi in the Art Nouveau style, where the main idea is to mimic forms
that are found in nature, which gives the building a unique look; the Cleveland Clinic Center for Medical Art
and Photography, built by Frank Gehry in the postmodern style; and Shell House, built in 2008 by Japanese
architecture studio ARTechnic architects (Fig.10).

Triangles of Lobachevski geometry, called sails, are also widely used. For example, they are used in
architecture to construct domes. These triangles are used to solve the problem of how to put a dome with a
round base on a square structure.

One can find a lot of examples of the mentioned construction in Armenian churches. Fig. 11a shows
Haghpat Monastery, which is a medieval monastery complex in Haghpat, Armenia, built between the 10th
and 13th centuries. On the right-hand side of Fig. 11a, triangles of Lobachevski geometry are clearly viewed,
which are used to support the dome. It should be noted that apart from one or two minor restorations carried
out in the eleventh and twelfth centuries, the church has retained its original character. The monastery has
been damaged many times. Sometime around 1130, an earthquake destroyed parts of Haghpat Monastery,
and it was not restored until fifty years later. It also suffered numerous attacks by armed forces in the many
centuries of its existence and from a major earthquake in 1988. Nevertheless, much of the complex is still

intact and stands today without substantial alterations.
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a. Casa Batllo c. Shell House
Fig. 10. Architecture inspired by Lobachevski’s geometry

Fig. 11. Sails in Armenian architecture: a. Haghpat monastery,; b. Geghard Church

Another example (Fig. 11b) is the dome in the Geghard church. This is a medieval monastery in the
Kotayk province of Armenia, being partially carved out of the adjacent mountain. Here, the sails are used not
only as a part of construction but also as a decoration.

Fractal geometry and quantitative evaluation of the aesthetic appeal of architecture compositions

The basic figures of classical (Euclidean) geometry are simple and clear: circle, sphere, cylinder,
pyramid, etc. Their surfaces are assumed to be ideal, both in terms of their shapes and in terms of their
surface properties. Given such limitations, classical geometry can only describe a very narrow class of
natural structures and phenomena, but not complex physical objects, such as the shapes of clouds and
mountains, tree crowns, or the human bronchial system.

Geometry describing non-standard forms was proposed by B. Mandelbrot [8] based on the concept of
fractal introduced by him. It was called fractal geometry. In contrast to classical Euclidean geometry, where
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objects are idealized (their surfaces are assumed to be perfectly smooth, without any irregularities, cracks, or
breaks), fractal geometry studies the patterns inherent in natural objects, processes, and phenomena with the
presence of roughness, brokenness, and other complexities [9-11]. It offers a variety of ways to describe and
measure both natural and man-made objects.

Fractals and fractal geometry

According to Mandelbrot [8], a fractal is a structure consisting of parts that are in some sense similar to
the whole (or to each other). From a mathematical point of view, a fractal is a geometric figure (a set of
points in Euclidean space) whose fractal dimension (the Hausdorff-Besicovitch dimension) is either
fractional or exceeds its topological dimension.

The fractal dimension for a finite set G in R" is defined as follows. Let Z™(A) be a cubic lattice in R"
with cube (cell) edge length equal to A. Let N(4) be the minimum number of lattice cubes needed to cover
G. Then, the fractal dimension D of G is defined by

~ InN(p)
b=- k—% InA

This dimension can be defined equivalently based on the following requirement:

. da_ (0 ifd>D,
lim N(2)A _{oo ifd < D.

Thus, the dimension D of the set G is essentially the boundary that shows that if d < D, then the number
of cubes N(A) is insufficient to cover the set G, and if d > D, then the number of cubes is excessive for
coverage.

It is generally accepted that the fractal dimension is a characteristic property of fractals, i.e., if the
dimension D is not an integer, then the set G is considered a fractal. The Hausdorff-Besicovitch dimension
increases with the degree of tortuosity of the object. For a straight line, it is equal to one; for a slightly
tortuous line, it is 1.03; for a more tortuous line, it is 1.16; and for a strongly tortuous line, it is 1.57,
and so on.

In addition to natural fractals (such as island coastlines, snowflakes, crystals, and heads of broccoli), there
are also artificial (non-natural) fractals. The first examples of non-natural fractals were constructed at the end
of the nineteenth century in connection with purely mathematical problems of function theory. From the
point of view of classical mathematical analysis, they had extremely unusual properties. For example, this is
the Cantor set (Cantor dust), the nowhere differentiable Weierstrass function, the Koch snowflake, the
Brownian curve on the plane, etc. For some of them, fractal dimensions have been calculated: the Cantor set
has a fractal dimension D = In 2 /In 3, and for a Brownian curve on a plane, it is equal to 2, that is, exceeds
its topological dimension.

Practical methods for calculating the fractal dimension play an important role. One of the most popular
methods is the method of counting cells that have a non-empty intersection with the image being studied
(box-counting dimension method). Apparently, W. Lorenz [12] and C. Bovill [13] were the first to study and
use this method most fully. Let us describe in general terms the algorithm for applying this method.

In the first step, a cubic (square) grid with the cell edge length (scale) equal to A is superimposed on the
image under study. Initially, A is taken to be equal to L, where L is the length of the rectangle containing all
the images. Let N(A) be the number of all cubes that have a non-empty intersection with the image under
study. Next, the ratio —log N(A) /logA is considered, and its behavior is investigated under stepwise
changes in the scale A.

The scale is reduced by half at each step. The process can continue indefinitely, but in practical
applications, it is stopped depending on the requirements of the task. The slope of the graph of log N(A) from
—log A gives an approximate value of the fractal dimensions of the image.
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Fractals in architecture

In architecture, fractal principles are used in the design of objects using computer modeling. These
principles can be used to create unique and very interesting architectural forms [11].

Another application of fractal geometry in architecture came from psychology where objective
(quantitative) methods of the aesthetic appeal evaluation of architectural compositions were developed. The
first studies in the psychology of fractal perception were conducted by J. Sprott's group [14]. Similar studies
were conducted by R. Taylor [15], who demonstrated that the overwhelming majority of experimental
participants preferred fractal patterns. Sprott found that the attractiveness of fractal objects correlates with
their fractal dimension. The results of experiments showed that participants preferred objects with a fractal
dimension between 1.1 and 1.5.

Research on the psychology of fractal perception is currently underway [16-20]. These studies have
confirmed the hypothesis that the aesthetic appeal of architectural compositions is largely determined by the
value of their fractal dimension.

There are many monuments of world architecture for which fractal analysis has been carried out. These
are remarkable Gothic cathedrals in Europe, beautiful mosques of Islamic architecture, and unique Hindu
temples [21-24].

Regarding Armenian architecture, publications on the fractal analysis of its compositions are nearly
absent. In recently published works [2-3], the author conducted a fractal analysis of three major monuments
of medieval Armenia (the Hripsime temple, the Zvartnots Cathedral, and the Cathedral of the Holy Virgin in
Ani) as well as some modern compositions (the Yerevan Cascade, the Government House #2 on the
Republic Square, the Cathedral of Saint Gregory the Illuminator, and the Church of the Holy Trinity). In this
section, we briefly present the obtained results.

Fractal analysis of medieval Armenian temples

In [2], a fractal analysis of the temples of Hripsime and Zvartnots, as well as the Ani Cathedral, was
presented. A statistical analysis of the compatibility of the plan and facade of these buildings was also
carried out.

The obtained results are summarized in Table 1. They show that the temples under consideration have
high architectural attractiveness, and their plan and facade are in excellent agreement with each other.

Table 1. Calculations of the fractal dimension of the facade and plan of Armenian temples

Fractal dimension
Calculation of fractal dimension between: — -
Hripsime Zvartnoc Ani cathedral

large grid size small grid size facade plan facade plan facade plan
200 100 1.46 1.74 1.64 1.67 1.56 1.48

100 50 1.48 1.58 1.54 1.57 1.53 1.50

50 25 1.49 1.49 1.48 1.49 1.56 1.43

25 12.5 1.49 1.51 1.47 1.43 1.5 1.13
average fractal dimension 1.48 1.58 1.533 1.540 1.537 1.385

Hripsime. The temple was built by Catholicos Komitas in 618 to the east of Echmiadzin on the burial site

of Saint Hripsime. It is a central-domed structure with an internal cross-shaped base. It is a recognized

masterpiece of Armenian architecture.

The temple of Hripsime has an average fractal dimension of 1.48. The calculations also show that the

standard deviation of these data from the average is 0.014. Regarding the architectural plan, the following
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estimates were obtained: the average fractal dimension is 1.58 with a standard deviation of 0.113. The
correlation between the fractal dimensions of the facade and the plan is —0.997.

Zvartnots. The Zvartnots Cathedral was founded by Catholicos Nerses III in the middle of the 7th
century, not far from Vagharshapat (Echmiadzin), in the place where, according to legend, Gregory the
Illuminator and the king of Armenia, Trdat, met. This majestic temple is a tetraconch (a central-domed
structure with a plan in the form of a cross with rounded ends).

The Zvartnots temple has an average fractal dimension of 1.533 with a standard of deviation 0.008 of the
obtained data from the average. For the architectural plan, the average fractal dimension is 1.54 with a
standard deviation of 0.104. The correlation between the fractal dimensions of the facade and the plan is
0.974.

Cathedral of the Holy Virgin in Ani. The Ani Cathedral is the pinnacle of Armenian architecture of the
9th-11th centuries. It is a prototype of Gothic architecture. Its architectural forms are similar to European
Gothic.

Regarding Gothic, we note that there is a very reasonable assumption that the first object where Gothic
principles were applied was not the Cathedral of Saint-Denis (a suburb of Paris), but the Cathedral of the
Holy Virgin in Ani. The interior of this temple clearly contains such architectural compositions as elongated
pointed arches and bunches of columns with ribbed vaults. These compositions were developed in Gothic
architecture, which was widespread in Western Europe.

In his major work [25], Professor of the University of Vienna J. Strzygowski writes, "Consequently, it
remains to be recognized that the Armenians built in the Gothic style approximately 150 years earlier than
was the case in Europe".

The Ani Cathedral has an average fractal dimension of 1.537 with a standard deviation of 0.029. The
architectural plan has an average fractal dimension of 1.385 with a standard deviation of 0.172. The
correlation between the fractal dimensions of the facade and the plan is 0.797.

Fractal analysis of contemporary Armenian architectural structures

In [3], a fractal analysis for several contemporary Armenian architectural structures with obvious fractal
motifs was announced: the Yerevan Cascade, the Government House #2 on the Republic Square, the
Cathedral of Saint Gregory the Illuminator, and the Church of the Holy Trinity. The obtained results are
summarized in Table 2. Below, we will present the fragments of the process of calculating the fractal
dimension for the mentioned constructions.

Table 2. Calculations of the fractal dimension of modern Armenian architectural structures

Calculation of fractal dimension between: Government | Cathedral of St. Gregory | Holy Trinity
large grid size small grid size Cascade House #2 the Illuminator Church
128 64 1.51 1.56 1.66 1.63
64 32 1.49 1.51 1.60 1.63
32 16 1.44 1.52 1.52 1.59
16 8 1.38 1.49 1.46 1.52
average fractal dimension 1.455 1.52 1.56 1.593

Yerevan Cascade. The Yerevan Cascade is an architectural and monumental complex consisting of a
multi-level staircase with terraces, fountains, sculptures, and exhibition halls. Its construction began in 1980
but was halted in the late 1980s due to the Spitak earthquake, the collapse of the USSR, and the First
Karabakh War. The architecture combines elements of Soviet modernism with traditional motifs of

Armenian stone architecture.
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Figure 12 shows fragments of the process of calculating the fractal dimension of the Cascade. From the
obtained data, it follows that the Cascade has an average fractal dimension of 1.455. The calculations also
show that the standard deviation of these data from the average is 0.058.

Government House #2 on the Republic Square. Republic Square is the central square of Yerevan.
Government House #2 on this square was built in 1955 according to the design of Samvel Safaryan, Rafael
Israelyan, and Varazdat Arevshatyan. From 1996 to 2016, the building belonged to the Ministry of Foreign
Affairs of the Republic of Armenia. Figure 13 shows fragments of the process of calculating the fractal
dimension for this building. The Government House has an average fractal dimension of 1.52 with a standard
deviation of 0.029 of these data from the average.

Cathedral of St. Gregory the Illuminator. The Cathedral of Saint Gregory the Illuminator is the largest
cathedral built in Yerevan. It was erected to commemorate the 1700th anniversary of Armenia's adoption of
Christianity as the state religion. Construction began in 1997 and took approximately four years. The
cathedral's architect is Stepan Kyurkchyan.

The Cathedral of St. Gregory the Illuminator has an average fractal dimension of 1.56 with a standard
deviation of 0.088. Figure 14 shows fragments of the process of calculating its fractal dimension.

Church of the Holy Trinity. The Holy Trinity Church was built in 2003 in Yerevan, in the Malatia-
Sebastia district. The design was developed by the honored architect Baghdasar Arzumanyan. The church is
modeled after the Zvartnots Cathedral.

Figure 15 shows fragments of the process of calculating the fractal dimension of the church. The results
show that the Church of the Holy Trinity has an average fractal dimension of 1.593 with a standard deviation
of 0.052.

Fig. 12. Calculation of the fractal dimension of the facade of the Yerevan Cascade
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Fig. 14. Calculation of the fractal dimension of the facade of the St. Gregory the Illuminator cathedral
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Fig. 15. Calculation of the fractal dimension of the facade of the Holy Trinity Church

Conclusion

One of the motivations for writing this paper was the desire to draw the attention of Armenian specialists
to contemporary trends that are increasingly gaining ground in modern architectural research. This primarily
concerns the ideas of Lobachevski geometry and Mandelbrot fractal geometry. Clearly, productive
application of the methods of these geometric disciplines requires a certain knowledge of their fundamentals.
For this reason, in addition to the results themselves, the paper also presents some insights into the theory of
these geometries.

Elements of non-Euclidean geometry are often found in Armenian architectural compositions. For
example, triangles of Lobachevski geometry, called sails, are used in architecture to solve the problem of
how to put a dome with a round base on a square structure. Such sails can be found in many medieval and
modern Armenian churches. In the present paper, we provided some elements of Lobachevski geometry
which have applications in architecture.
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As for the fractal geometry, research on fractal analysis of Armenian architectural compositions is nearly
absent. In the present paper, we briefly described the fractal analysis of three major monuments of medieval
Armenia (the Hripsime temple, the Zvartnots Cathedral, and the Cathedral of the Holy Virgin in Ani),
conducted by one of the authors in [2], as well as gave a detailed fractal analysis of several contemporary
Armenian architectural structures (the Yerevan Cascade, the Government House #2 on the Republic Square,
the Cathedral of Saint Gregory the Illuminator, and the Church of the Holy Trinity) announced in [3]. Fractal
analysis of the examined Armenian architecture compositions showed a high level of consistency between
subjective and objective assessments of their aesthetic appeal.
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